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XXV. A new "Method ■ of finding Fluents by Continuation. By 
the Rev. Samuel Vince, A. M. F. R. S. 


Read July 6, 1786. 


ART. I. Put F= 


m • 

n , fit 

a -rx 


x m ~~ n x —. a n x m “~~ in x 4 * w 


*vn m—vn . . 

&c. db---then F = -- - ~~— : tt + 

n . n 

a 


#■#•**•** , a *y-v+' &c< 


m~*-n+ 1 m — 2 n+i 1 

± W, where W reprefents the fluent of the la ft term. Now 

*--'“"'it_- . m . **,- — ■ I— r 

. t» . , wl* r „ /*% # # A w. » 1 «J 

* * _ * t xa +* hence / - - — /-, * .»x«+* I _p 

a" + / J j 

-{-A? * 


-f * 


its 


x a” + #”] — /*F x - ■ - — (by fubftituting for F i 

7 + 7 ) 

value in the latter quantity) F x a” + a ;"] 1 - ~~L\ x 


- + &C. ; 

T 


/ x m x , i — r , na v r»jc _£ 1—r,\«a v ; 

• '7—Y m-2n+l J —7-1q r 3«+l J 77“! 

r W x F F . ?C !*; tranfpofe- I=Ll1 x A-*jL and divide 
*J ~TT 1 \ r m—n+i J rn 

both Tides of the equation by and we have 

r — - - m - n+x vFv X x. 

*/ — jn r m-m+i m — rn + x m — 2n+i 

a +* * 

*^7+7T »i-r«+i m-3»+i */ 7^3' * W_r ”+ I 
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/W x l „ r *j now the fluent of the laft term Is 


a -t* 


m-n+i xWx^T^] 1 'WT?**. X hence by 


m-~ r«+ i 


— r«+i 


T^TT 


fubftituting this quantity for the laft term, it is manifeft, 
that the firft part =t= w ~ + I xWx#” + *") will be deftroyed 

A m — rn +1 . 

m ~ n+l x F x a”+x”l I-r ,when we fubftitute 


bv the laft term of 


m—rn+ i 


9 

m —»+i 


for F its value: hence if we put M—— 

m — n+t m—zn+i 


o 2.n x m-in+i 


m— 3 « + 


--&c. omitting the laft term * W, we have 


, W -?±L xMx^+Pl r + -^!±L x l~ r .' n l 
m — rn I m — + i _zw — 2 «-j- i 

M • mmSmmmrn /> 2 « . 

x x /*-- + &c. 

f -M-JH+I 772— 2ft 4 I ^ T\ r 


X’ + X 


a” + x h * 


a 4 -.r 


: 1 

zft — rn 4 - i 




/ m *— vjt • 

*-i.; hence, if the fluent of the laft term be 


a + x 


given, we have the general law of continuation by which we 


may 


find the fluent of 


X m x 


If the fluxion be 




all the 


a+x' a+x 

terms after the firft will be negative, and the laft always 

re. 


to find the fluent of 


Ex. i. Given the fluent of 


V l -\r X Z 


. ax * 
x x 


d i + x 2 


.«*—i 


Here »= 2, a- i. m — 2S t r = |, M=—- 1 __+ &c. to 

7 ■ 2/z— I %n — 3 
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*t=x, and the fluent of . . is the hyp. log. x -f s/i + x z 


which call O; hence f- * - = ~— 1 x M x v/i + * 2 + 

^ VI+X 4 2 * 21 . 21—3 

xf-£H* -?^L,X / > -j £3 + &C.=fc: 2 i^IxQ. 

V Vi+/ 21.21—5 A/l + Af 1 21 

Ifj—Ij /'■ ~ = jV // i-j-jf z XX — j 0.5* a ' 

J \/i+x z 

J=2, P— \ s/ 1 +x 2 X —. — A?+ |«+ lQ = /3. 

*/ Vi+/ 3 

J=3 ’/ =|v 777 * f -y+*+ 1 »- !«-=»• 


v i + ^ ( 

„_ . Z' tf 3 * 7 /“-t x 1 x 5 a 3 ,7 7 

J— 4, J-y=Z=^ = s/j +^ 2 x--f — y —f— 

J^ 1 +X % 8 7 S 3 8 . s' 8.3 


5 3 

# 7 a 3 


#+T*+T < ^ 


Ex. 2. To find the fluent of a : 2 x\/ 2 + a?, given the fluent 
©f a - v/2 + x t and s an odd number. 

Here = 2, »= i, r=- f, ^ = w, m ~vn= -f, or-—•» 

* 2 

i i f 

= — .*. <u = ^id, M =—— —- — + —-&c. and the 

2 S S -2 1 — 4 

fluent (Q.) of 5 x v ^2 + # is 7 r + */2x + x L i where it = hyp. 

_ f 3. 

log. 1 + .v + \/2.v + a ; 2 ; hencey a ; 1 * \/2 + x = x 2 -f-"*) x 

M + —— X —X /j^ 'x\Z 2 + x— -i- x — X /v* -I xv/2 + x 
1+3 3-2 ' 3 +3 3 — 4 

/i. _3 _ £+' p 

X z Xv y 2-tX &C,± —X 2 1 X / tf"" 1 ,*? 

i+3 s* 


/ + 3 

v/2 + ^f. 


X 
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If s = 1 ij'y&xs /2 + X—\ x 2 + ,v!”x 2 ^ — |Qas u, 

rr 7 ^-.-. 

tf ~2,'j'x 3£ x\/2 + x=l xZ&‘x”L — 4 #* + 3 « + 2 Q—j9. 

J=5 ,^v/ 2 + 7 = {XH*) 1 X 2 £_£ + 8^ + S /3 


*5 




i = 7, /".riv/2+A = T vX2 + *1 l6** + 

'V 7 5 - 3 

Zy-'Jp + ^ + sl Q. 


25 ' S ■ S ' 5 
&c. &c. &c. 


II. Let F. 




- P**“3 W * + Qa--4*^ - &C. ; 


« + £* W + W 

V*"” 1 ”* ^ then F - ^ _1 ” +I __ q/- 4 ”+* 

+ ’ U-2OT+I n-sm+1 W-4W + I 

— &c.=»=T=fc:U, where T and U are put for the fluents of the 
two laft terms, and P, Q, &c. for the co efficients arifing from 


the divifion. Now, 


>/ 


n . 
X X 


“-/F + 


a/ , * >« , . zrn 
v a + bx +AT 

I — r '"mbx m ~~ l x-\- i-~r 2mx zm ^ 1 


x n x X tf + + 7^1 

r . 




(by 

a + b^+^l 

fubflituting for F its value in the latter quantity, and putting 
A, B, C, &c for the co-efficients which arife in confequence 


thereof) F x a + bx m + X- 

f 


im[ A X 


/; 


n . 
x x 


n—~ni . 
X X 


Vol. LXXVI. 


# + b x 4* x * 

/ x n ~~ zm x 

; - + &C 

« + 

L 1 1 


+ B x 



s s 
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Tx 


I —'-r . mhx m i — r . f imx z 


s 


a-\-bx ' 1 + x z \ 


Ux 


I . mix m x x J t I — Y . 2 mx z 


and divifion we hr 


a + bx ” +x ™l 

n . 

X X 




B 


/»-—m » 

—_fL— 

. > *« . I/TV 

a i-bx -fx I 


«+**"+**" i 
c 


I 

■ r+A 


hp * * t l \ 

ox *\~x 

i — p « ■mbx m ^ 1 &.+ i — -*?■ • 2?itx ltn ~ ml x 


■- fJ Lx 

i 4~ A 


1 ~r A 

hW T + r *j 

/.- 

i — r . * r • 2m 


; hence by tratifpofition 
X F x a + bx m + x zm i 
f —*- - + &c. 




«+ id" - j-» 2 
of thefe two laft terms are =» 


Now the fluents* 

i; ' 


/= 


77—5 W * 


.and: 


. t tn . i w j 

#4-0# + * * 


:: lJ 
i + A ■ 



X tf+fo’* + * a "[ 


it is manifeft that 


refpe&ively ; hence, by fubftituting thefe for the laft term, 

F — X <3 + Ar + x*™} 1 r and =p ~- 
*+ A i+A 

x a + bx m + x lm ] will be deftroyed by the two laft-terms of 

x F x a + hx m "+ x^] when we fubftitute for F its value; 


x 

l + A 


hence, if we put M = * 


n—2«—* p x «—3»'+i q 4 w +i 

- - &c.. 


i « — 3W4 -1 

Omitting the two laft terms =±= T and =t U, we fhall have 

B 


X x 


—. - = —i_ X M X ~a + <>*"* 4- +"') + 

7 *" + * 4 *f I+A 




„ I i, ** I 

# 4 -^# j 


x+A 


X 


r= 

*/ ^ A l 


ft —2 m „ 

jf 




+ &C. 


i+A 

Y 

i+A 


X 


/ 



X X 
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; hence if the two lati 


„ TT n — s ~t -1 . m . 

W _ x 1 x 


I 4-* A 


a J r bx m -\-a 


fluents be given, we have the general law of continuation up to 
in the fame manner as before. 


« . 
x x 


+ ; in , z m I 
OX 4 “ % » 

III. In general, if we proceed as in the two laft articles, we 
fhall find f M 


J 


x a + bx m -4 &c. x' 


_ t —r 


+ 


a 4- bx m -f &c, x u 


X 


X 


/ 

/ 


«—"W . 




+ 1 > 




n~7,vn . 

x x 


-4 &c. d 


a 4 - bx m 4 & c. # ,J 


«— im . 

# * ■ x 


V 


: + £# w +&c. 


/ 


i- 4 - 1 . w. 
# . X 


« 4 b>t“ 4 &c. x"'j 

n—tm+l 


See. where the 


Qx 


ft —r-J-i . m —x 


number of thefe laft terms is /, and M: n _ tm+l n __—^ m+1 

q. &c. omitting, as before, the terms at the end arifing from 
the remainders. Hence if the lafl: t fluents be given, we can 
by continuation find the required fluent. 

n . 

Becaufe the divifion of -—- may be expreffed by an 

5 • u+bx* l -k§cc. x , 

afcendlng feries x n x - Q^ + ".x + ~ &c. it is manifeft, that 

by the fame method we may continue the fluents downwards 
as well as upwards. 


IV. Let F 


ft . 
X X 


I — x 


**“ OC 


2 X — x n ~lx - &c. — x”~ r x + 


* 2 - 3 -> then F = — - — L 

j — x n n—i n—2 


■ &C. 


Ji—r+t 


n ~ r -f 

W is the fluent of the lafl term. Now * 

Lila 


-• + W, where 


fi -* 1 x X 


i 4* 
hence 
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hence f Stt, *n/tH = F * \fe + / F * 

* ~f x jJ 1 "~ >Y _ r ..** ^ f * n ~~ T * 

\/1 |/xi + x \ i n*/ 1 — /xi+^ %y »— I .. 1 — ,v‘ 

. «—#. /* «—r+ r . 

..■— * ■* ... -&C.- / - 

«—2 . vi-./xi+# ^ » — r+r. vi-* 


l Xi-M 


/: 


+ 


X x + *' 


/w 


v'' X — X* X I-H^ 


.. But 


n . 

X X 


# — I . «-~2 . 

* AT # *• 


i -. v 2 X i ?iVl-x % Wi~x z i-x z 


n - t\ n~—r\ 

X S X * x 

- 3 £C. -t- ** ■ *■ -■■■ / g ^ ^4 


*£*• r . 


n ^ i~x z n V'' 1—v? a X 1 -f # 


W-1 . 

JV A” 


« — 2 , 




V i~x z xi+< 

n —2 . 

X X 

v / r^?~x 1+^ _ 

&c. 

x”- r+, x 


l~l . ^x — 


x~ ' n — i . i/x—x‘ 
X* 

n~~ 2 . ^I—a - 2 
&C* 


r~a -f &C.dr 


«— r . 


«—-r. 
# X 


n—i • V' i-/ »-I . V i-x z x I +x 


—&c,=Fr 


«—■r. 


«—r „ 
A* ^ 


w -2 . n ~2 . V i-* 2, x i+xr 

&C, 


fl -K , * 

X X 


»—*r . 

# * X- 


• 1.1/ I~^ 2 Xl -f X 


7 ?-r 4 - 1. M I 4-^ 2 n—r + I • ^ •** X I 

Hence /’_2 = = F x JiEf -1 x /+ I 

J V i — x 2, y I + x n ** V ]-/ n 


n — I 


«— 2 . T 

.v a; { 


1 / A ~AT 2 » 


»—r+ I 


_ __L + _i_ x r — 3 ' v + &c. dt - — — &c. 

»-l 72 — 2 V 2 !-^ « «-** 

< / jL 3 -=p - =fc - = &C + —— x JL^£Z It 

^ \/1 —^ n n — r-t 1 ^ V 1—^ x I 


1/1 a 2 x 1 


1 + x* 

- — Wx 


• . /' vVx _ = ^ = . Now /"W 

*]*+ f JLZt ; alfo f = -**-'■ >c J— + 

^1 V / I—^’ z ^ / i-/xi+^ Vl-fx 

f * _ ; hence, by fu-bftituting 

^ a/ t _ _ ^. a 


I —A’ 

I f 


vi-/ a/ i— *■ 


n—rx J* 

thefe quantities in the two laft terms, it is manifeft that 
- W x iE?] 1 will be deftroyed by the laft term of 


l ^ X 
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F X -— -* when we fubfHtute for F its value ; therefore, if we 

I+.V 


£Ut M : 


n i w—x 

rt x x 

n n-~ I rt — 2 


n — r+ I 


, we fhall have 


f -fiA= = M=±=_L -i-rdr&e__— x -hp] 4 - - xf '4JL 

vi + 2 w «—I « —r+l l -f-^j n y, i ** 

i r r'**-*&. t r r. r . 

n w-— I X ^ V'j _/z — 2 *>' V' i _ a .2 G * 


» «—i 


&c.- t- xn-r + i + i x 

»—r+1 


*'■ VT”? 


- =fc—h. q= &c, + — 1 ~ - x n — r x C- -_ 5 . Hence, if the 

n n—i n—r+i v/ ~ 

two lafl fluents be given, we have the general law of conti¬ 


nuation up to the fluent of 


where the index of x with¬ 


out the vinculum increafes by unity each time. And in the 
fame manner we may (by inereafing the index of x without by 


m) find the fluent of 




if we have given the fluents of 


n—»rm . " r ' * m * 

* ~L — — • and . Thus we have a general law of con- 

V zn. zm V zm zm ° 

a —x a x 

tinuation, where the index of x without is increafed by-half 
the index under the vinculum. 


V. A flume F = ----- = + bx n ~ im x + + &c. +j 

x m —b 


■ , w 1 *+* h.v n -~ 2fH + X ,2 « —3^ + 1 

t henF=-l—- + --+—-- + &c. + W 9 

n — m + ’i rt— %m + I n -f I 3 


where W is put for the fluent of the lafl: term. Now 

/ x n x =. /— x s/tf*—-a x x v> - b — F x 

* — 6 * —A 
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(by fubflituting for F its 


— a 4- b , mx” 1 l x 


-/f S- 

2V/- sX «*_i 

value in the latter quantity, and putting A, B, C, &c. for 
the co-efficients which arife. therefrom) ¥ ■xs/x m — a x x m — b - 

-- ’ =— - li/>'- 5=® - c f-^ 

y m m 1 V m jn L V m 


m m i 

x — a'AX — b 


m ^. m f 

x " — a X x — b 


m m t 

x • —a xx *—b 


zm —j , . m — i . 

x __ 5 . Now 


' « . 
VC a 


• Y in m 

% x —axx - 




w m r 

x —ax x — b 


he. -f W 

it . f, m n—m . . I^vt 

xx —a xx _ x x^] x 

* -« ■ Y x "-„axx m -b * -» * -~ b * x m ~aMx m --b * “* 

?, &c. But 


n—znt. n— zm » 

X X X x 



x m -b 


X 

x m —a 


£_ - x’—«x + ax n - im x + dx n -y*k + &c. + + 

x^-^x + ax”~* m x + &c. -f d’" - V“ ra i -f 


a — a 


n—zm . 
A* X 


&c. 


y n—rm . 
ax x 


x m —a 


a & x 


x —a 


x »-3"x +&C. + a r —3x n ~ rm x •+ 
& c. &c. 


jr—>2 n—rtn * 
a x x 


m 

x —a 


Hence, by fubftitu tion, J* -x n x \j'*— — • = F x \/ x m - a x x m — h 

x — b 

- A J'x n ~ m x n/V^ - Aa+Bxy 'x n - zm x\l~f~ - A** + B <* + C 
x rt’“ 3 "W~ 8 - &c. - A^ r—I + Ba r_2 + Gtf r -3 + &cT x j 

%/ > X —b 

/ t f m " . '* tt—rm . 

x n ~~ m x\j -— + Ca r ~~ z + &c# x / 


2 ^ x m —axx m • 


...J 


But 
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W x 


imx Zm 1 x— 


2 ^ m w ni 

x — ay^x 


— is - W x v'V’ — a x x m - b 


~ f 

4- If x / x”~ rm x \J 'fjz Z ; hence, by fubftituting this for the laft 


* - b 


term, it is manifeft, that — W x v' x - ; - a x .v" — 0 will be de- 
ftroyed by the laft term of F x >/ x M - a x x m - b when we fub- 
ftitute for F its value; therefore, if we put M = -—4. 


bx »-z m +x _ h r-i„»-m+1 


n — 2 m -f 1 


See, -f- 


n — rm 4-1 


we 


have 


J' x"x \j ~— 


« — /»+ I 

M x 


■— ax x m — b x”~ m x \J~ —- — Aa + B x 'x n ~ z 


"x 




x —a 

m . / 

^ —<9 


A^ 2 


+ Ba 4 C x / x n ~i m x \j’ 


x ~b 


~ &C. 


AtfT 1 + B*— 1 + &c, - hr x - Atf+Ba - + CV“ 

*■ *V —£ 

/ **■— 

- Hence if the laft two fluents be 

v m - w / 

x —aXx —b 

given, w r e have the general law of continuation up to the 

I F 1 

fluent of x”x \l——? - 
y x m -b 

The utility of finding fluents by continuation was manifeft 
to Sir Isaac Newton, who firfl: propofed it; and finee his 
time fome of the mod eminent mathematicians have employed- 
much of their attention upon it. The method which I have 
inveftigated and exemplified in this Paper I offer as being en¬ 
tirely new ; and at the fame time it not only exhibits, at once, 
the general law up to the required fluent, but alfo appears, horn 
fome of the iuftances here given, to be more exteufive and con¬ 
venient in its application than any method hitherto offered. 

The 
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The general refolution of the given fluxion into a feries of 
fluxions of the fame kind, where the index of the unknown 
quantity without the vinculum keeps deereaflng or increaflng 
either by the index under or by half the index, has not, that 
I know of, before been given ; which furnifhes us at once not 
only with a very eafy method of continuing fluents, but alfo 
points out a very Ample method of inveftigating the fluent of 

the given fluxion without continuation. For if f A =p + bfi& 
+ r/C + i/b + &c./B=s/ + ^/C+^/D+ & c./C 
p’' + d" yi> + &c. &C. &c. then if for f$,f C, &c. &c. we 
fubftitute their refpe&ive values, we ftiall get a general feries 
for f A without continuation. The extent of any new method 
is, at flrft, feldom obvious j and how far that which is here 
propofed may be fuccefsfully employed in other cafes will bell 
appear from its application. Different methods will always be 
found to have their ufes in particular cafes; for where one be¬ 
comes impra&icable another will often be found to fucceed; 
and I hope that which is here offered will contribute fome- 
thing towards facilitating the inveftigation of fluents. 



